Abstract. We prove that the family of Q-Fano threefolds with Picard number one is birationally unbounded.
Conjecture 1.3 (A.Borisov-V.Alexeev).
The family of all Q-Fano varieties of a given dimension with log discrepancy greater than ǫ, where ǫ is a fixed positive real number, is bounded.
Remark. One cannot remove ǫ from the hypothesis. Take for example the cone over a rational curve of degree d. For every d the corresponding cone has log discrepancy 2 d . These cones are all Q-Fano surfaces (also known as log Del Pezzo surfaces) but they form an unbounded family.
As well as being an interesting conjecture in its own right, (1.3) and many similar conjectures play a pivotal role in an inductive approach to higher dimensional geometry. (1.3) also has important applications to the Sarkisov program.
For these reasons there has been a considerable amount of work on this conjecture. A.M. Nadel [12] and F. Campana [5] proved the boundedness of smooth Fano varieties with Picard number one. J. Kollár, Y. Miyaoka and S. Mori [10] proved the boundedness of smooth Fano varieties in every dimension. The case of Q-Fano threefolds with Picard number one and terminal singularities is due to Y. Kawamata [8] . Z. Ran and H. Clemens [14] proved a boundedness theorem for Fano unipolar n-dimensional varieties. V. Alexeev [1] and V.V. Nikulin [13] proved the above conjecture in dimension two. A. Borisov and L. Borisov [4] gave an affirmative proof in the toric case. A. Borisov [2] , [3] also considered Fano log threefolds with given indices. Recently J. Kollár, Y. Miyaoka, S. Mori and H. Takagi [11] proved that all Q-Fano threefolds with canonical singularities are bounded. Despite this (1.3) has not even been resolved in dimension three.
Consider cones over rational curves of degree d as above. Even though they form an unbounded family, all of them are birational to P 2 . More generally any quotient of P 2 by a finite group G is a log Del Pezzo surface of Picard number one. The classification of log Del Pezzo surfaces has attracted considerable interest. V. Alexeev and V.V. Nikulin classified log Del Pezzo surfaces under certain conditions on the indices of singularities. One of the key steps to prove that the family of smooth Fano varieties is bounded is to bound the top self-intersection of −K X . Once one allows singularities life is not so simple. In fact S. Keel and J. M c Kernan [9] proved that the set { K 2 S | S is a toric surface of rank one } is dense in the set of positive real numbers. They classified all but a bounded family of rank one log Del Pezzo surfaces. Although there are very many log Del Pezzo surfaces up to isomorphism, all of them are rational. Thus the family of log Del Pezzo surfaces is birationally bounded and in fact birationally bounded is considerably weaker than bounded.
It has been speculated that the same is true in the higher dimensional case, that is it has been speculated that n-dimensional Q-Fano varieties of Picard number one are birationally bounded.
We find this is not the case. As a consequence, one cannot remove ǫ from the hypothesis of (1.3), even if we replace bounded by birationally bounded.
It is also interesting to note that we cannot drop the condition that the singularities are log terminal even in the case of surfaces. Consider the family of surfaces with ample anticanonical divisor and Picard number one. This family is birationally unbounded. For example take a cone over a curve of genus g and degree greater than 2g − 2.
The idea of the proof of the Main Theorem is to look at conic bundles contained in P In order to prove the main Theorem, we need some preliminary results.
Some examples of rigid conic bundles.
Definition 2.1. A conic bundle structure on X is a rational map π : X S, where S is an irreducible projective variety and the generic fiber is a rational curve. 
Definition 2.4. Let X −→ S and X ′ −→ S ′ be Mori fibre spaces. A birational map f : X X ′ is said to be square if there exists a commutative diagram
where g is a birational map.
Sarkisov [15] proved that if X −→ S and X ′ −→ S ′ are two conic bundles, with X −→ S satisfying certain conditions, then every birational map f : X X ′ is square. Corti, see Theorem (4.2) of [6] , generalized Sarkisov's theorem. He proved the following result.
Theorem (Corti [6] ). Let X −→ S be a standard conic bundle. Let ∆ ⊂ S denote the discriminant curve of the conic bundle, and assume that
another Mori fibre space, then every birational map ϕ : X X ′ is square.
Recall that a Q-divisor is called quasi-effective if it is a limit of effective divisors.
The following Lemma for conic bundles is a minor modification of Iskovskikh [7] Lemma 4 and Lemma 3. Here we have a birational map between S and S ′ instead of a birational morphism.
Lemma 2.5. Let π : X −→ S be a standard conic bundle over smooth rational surface S. Let S ′ be a smooth rational surface and π ′ : X ′ −→ S ′ be a conic bundle which is equivalent to
is commutative, where f , g are birational maps.
(1) If π ′ : X ′ −→ S ′ is also a standard conic bundle, then the arithmetic genera of the discriminant curves of these two standard conic bundles are equal. (2) The genus of the discriminant curve of π ′ : X ′ −→ S ′ is no less than that of the discriminant curve of the standard conic bundle π : X −→ S.
Proof. By elimination of indeterminacy, we know that there is a surfaceS and a commutative
where the morphisms ψ and ϕ are compositions of smooth blow ups.
Applying Sarkisov [15] Proposition 2.4 to ϕ :S −→ S, we obtain a standard conic bundlē π :X −→S such that the diagramX
By Iskovskikh [7] Lemma 4, we know that the arithmetic genera of the discriminant curves of these two standard conic bundlesπ :X −→S and π : X −→ S are equal. Now the diagram
is also commutative (where the birational mapX X ′ is the composition of :X −→ X and the inverse of f ). The same argument shows that the arithmetic genera of the discriminant curves of the standard conic bundlesπ :X −→S and π ′ : X ′ −→ S ′ are equal. This completes the proof of part (1).
Applying the same trick as in the proof of part (1) we obtain another equivalent standard conic bundleπ :X −→S and a commutative diagram
Now applying the same argument as in the proof of Iskovskikh [7] Lemma 3 we get that the arithmetic genus of the discriminant curve of the conic bundle π ′ : X ′ −→ S ′ is no less than that of the discriminant curve of the standard conic bundleπ :X −→S (indeed the crucial observation that R 1 ψ * OS = 0 still holds as S ′ is smooth; we don't need that π ′ has relative Picard number one). Combining with the first part of this Lemma gives the proof of part (2).
The following example of conic bundles over P 2 , due to Sarkisov, is the last example of [15] .
Let L be the anti-tautological divisor on P(E) and let F be the preimage of the generator of Pic(P 2 ) under the standard projection P(E) −→ P 2 . Then a generic divisor V k from the linear system |2L+(2k+1)F | on P(E) is a standard conic bundle over P 2 whose discriminant curve has degree 2k + 3.
For V k the following Lemmas hold.
Proof. By the Main Theorem of Sarkisov [15] , we know that V k is birationally rigid, where birationally rigid means that any morphism between V k and any conic bundle is square. If V k is birational to V l , by the Main Theorem of Sarkisov [15] , they must be equivalent. V k and V l are standard conic bundles over P 2 . By Lemma 2.5 the genera of the discriminant curves are equal. Since the discriminant curves for V k and V l are plane curves of degree 2k + 3 and 2l + 3, respectively, by the arithmetic genus formula for plane curves, we have that k = l.
Remark. It is well known that the discriminant curve of a standard conic bundle is nodal. Xi
Chen has a simple proof that the discriminant curve ∆(V k ) of V k is smooth if V k general. James M c Kernan even wonders if the following is true:
Let X be the projectivisation of a rank three vector bundle over a smooth surface S. Suppose that |2L + kF | is very ample, where L belongs to O(1). Then for generic choice of V belonging to the linear system |2L + kF |, the corresponding discriminant curve is smooth. Proof. For any natural number k ≥ 5, take the k-uple embedding of P 2 in projective space P N , where N = (k+2)(k+1) 2 − 1. Take a line not intersecting the image surface. Let X ′ k be the cone over the image of P 2 under the embedding and that line. Blowing up X ′ k along this line we obtain a fourfold X k which is a P 2 -bundle over P 2 . Now X k is isomorphic to P P 2 (F ), where F is a rank 3 vector bundle over P 2 . From the construction, there are three disjoint sections which split F ,
k is a threefold with Picard number one, and it is Q-factorial with log terminal singularities. Its log discrepancy is 3 k . Indeed let a be the log discrepancy. We have
Now dot this equation with a line L in P 2 . Thus
is ample, it follows that V ′ k is a Q-Fano threefold with Picard number one.
Proof of the Main Theorem.
Let k and l ≥ 5 from now on. Assume that the family of Q-Fano threefolds with Picard number one is birationally bounded, then there exists a parameter space B and a morphism X −→ B such that for any
k is birational to V k and V k is not birational to V l if k = l by Lemma 2.7 , the b k 's are distinct and so B contains infinitely many points.
We are going to repeatedly replace B by a smaller set, whilst preserving the condition that B contains infinitely many of the points b k , often without explicitly mentioning this fact. Let Z denote the closure of the points b k . Then there is an irreducible component of Z which contains infinitely many of the points b k . Renaming this component B, we may assume that the points b k are dense in B and that B is irreducible. Note that B has positive dimension.
For the generic point η ∈ B, pick a resolution of X η . Replacing B by an open neighborhood of η we can assume that X /B is a flat family of smooth projective three dimensional algebraic varieties over B.
We claim that we are done if there is an equidimensional scheme Z such that X /B can be factored through Z over an open subset of B where X −→ Z is a family of conic bundles and Z over B smooth.
Since each X b is a conic bundle over Z b for b ∈ B, it follows that each Z b contains a nonempty discriminant curve. These discriminant curves form an algebraic family over B. Hence their arithmetic genera are constant over an open subset of B. Passing to a smaller open subset, we may therefore assume that the arithmetic genus of the discriminant curve is constant. According to Lemma 2.5, we know that the arithmetic genus of a standard conic bundle is not greater than that of any other equivalent conic bundle with smooth base surface. Therefore the arithmetic genera of the discriminant curves of the standard conic bundles V k over P 2 are bounded. However the arithmetic genus of the discriminant curve of the standard conic bundle V k over P 2 is (k + 1)(2k + 1), a contradiction. This complete the proof of our claim. Now the only issue is to prove that there is such a Z. We need the following definition and Lemmas.
Definition 3.1. Let X be a variety. We say that X is a birational conic bundle, if there is a rational map X to S with generic fibre P 1 such that the rational map is regular in a neighborhood of the generic fibre.
Lemma 3.2. Assume the MMP in dimension n. Suppose that X has only terminal singularities and that X is isomorphic to a rigid conic bundle.
Then X is a birational conic bundle.
Proof. Run the K X -MMP. This terminates in a Mori fibre space Y −→ S (K X can never become nef as X is uniruled). By assumption Y must be a conic bundle. The birational map from X −→ Y is easily seen to be an isomorphism in a neighborhood of the generic fibre of Y −→ S.
Thus the composite map X S realises X as a birational conic bundle.
First some notations for the next Lemma. Let X be a projective variety and let H be a component of the Hilbert scheme. Then we let C be the universal family over H. Note that there
Let Σ denote the geometric generic fibre of X −→ H.
The following Lemma characterizes birational conic bundles in terms of the Hilbert scheme.
Lemma 3.3. Let X be a projective variety.
Then X is a birational conic bundle iff there is a component H of the Hilbert scheme such that Σ is isomorphic to P 1 and the morphism C −→ X is birational and an isomorphism in a neighborhood of Σ.
Proof. If X is a birational conic bundle the existence of H is clear. On the other hand if C −→ X is birational then the composite map to H realises X as a birational conic bundle.
The following Lemma is crucial to complete the proof of the existence of Z:
Lemma 3.4. Let Y −→ B be a family of varieties, where each fibre is smooth in codimension two.
If B contains a dense subset of points that are birational conic bundles, then the locus where the fibre is a birational conic bundle contains an open subset.
Proof. Pick a fibre X which is a birational conic bundle. By Definition 3.1 there is a rational map X S with geometric generic fiber P 1 such that the rational map is regular in a neighborhood of the generic fiber. Let C be the generic fibre of X to S. X is smooth in a neighborhood of C and C has trivial normal bundle. Now consider C inside Y . The normal bundle of X inside Y is trivial in a neighborhood of C.
Thus C has trivial normal bundle in Y . Therefore, by standard deformation theory, Hom(C, Y ) has dimension at least dim Y + 2 = dim Y − 1 + 3. As Aut(P 1 ) has dimension three, the dimension But the degree is certainly one, whenever we specialise to a point t such that X = Y t is a birational conic bundle. As these points are assumed dense, and the number of points in the fibre of a finite morphism is a lower semi-continuous function, C −→ Y must also have degree one and so C −→ Y is birational. But then every fibre over the open set is a birational conic bundle.
Consider applying Lemma 3.4 to Y = X . Since the points {b k } are dense in B and the conic bundle X b k is rigid, it follows that X b k is a birational conic bundle by Lemma 3. 
